We study Coulomb blockade ͑CB͒ oscillations in the thermodynamics of a metallic grain connected to a lead by a tunneling contact with a large conductance g 0 in a wide temperature range, E C g 0 4 e Ϫg 0 /2 ϽTϽE C , where E C is the charging energy. Using the instanton analysis and the renormalization-group approach we obtain our main result, the temperature dependence of the amplitude of CB oscillations, which differs from the previously obtained results. Assuming that at TϽE C g 0 4 e Ϫg 0 /2 the oscillation amplitude weakly depends on temperature we estimate the magnitude of CB oscillations in the ground-state energy as ϰE C g 0 4 e Ϫg 0 /2 .
I. INTRODUCTION AND MAIN RESULTS
The study of electron-electron interactions in mesoscopic systems has been at the focus of experimental and theoretical interest over the past two decades. One of the most striking consequences of electron interactions at low temperatures is the phenomenon of Coulomb blockade. 1 For example, thermodynamic quantities of a metallic grain connected by a tunneling contact to a metallic lead and capacitively coupled to a gate exhibit oscillatory dependence on the gate voltage. This can be observed experimentally by measuring the differential capacitance of the grain. 2 At low temperatures the Coulomb interaction of electrons in the grain can be described within the framework of the constant interaction model
where E C is the capacitive charging energy of the grain, N is the operator of the number of electrons in it, and q is the dimensionless gate voltage. For a grain with a vanishing mean level spacing and for a tunneling contact with a large dimensionless conductance g 0 ϭ2ប/e 2 Rӷ1, where R is the resistance of the contact, the amplitude of Coulomb blockade oscillations in the ground-state energy is exponentially small, 3 ϰE C g 0 exp(Ϫg 0 /2). The magnitude and temperature dependence of Coulomb blockade oscillations in this problem were studied in many theoretical works using the renormalizationgroup ͑RG͒ treatment 4, 5 and the instanton 6 approach 7, 8 to the dissipative action shown in Ref. 9 .
Although the exponential factor is certain, the exponent in the preexponential factor is still under debate. In previous works it was found to be ϭ2 in Refs. 5 and 7, ϭ3 in Ref. 8 , and ϭ6.5 in Ref. 10 . These results were obtained using the instanton 7, 8 and the renormalization-group approaches. 5, 10 Both the instanton and the renormalization-group approachs are widely used in physics. Therefore, in order to better understand the correspondence between the two approaches, it is of general physical interest to study a problem described by a relatively simple Hamiltonian where both techniques can be applied. We show in the present paper that to describe the temperature dependence of the renormalized charging energy in a wide temperature range one needs to use both the instanton and the renormalization-group methods simultaneously. Using this method we find that the preexponential factor in the renormalized charging energy has a nontrivial temperature dependence, see Eq. ͑3͒ below. This is the main result of the present paper. To derive our results we use the single-instanton approximation and the large conductance expansion in the renormalization group. Both of these approximations eventually break down as the temperature is lowered. This limits the region of applicability of our results at very low temperatures.
In the instanton approach the cost of one instanton is ϰexp͓Ϫg(T)/2͔, where g(T)Ϸg 0 Ϫ2 ln(g 0 E C /2 2 T), ͑Ref. 4͒ is the renormalized conductance. The instanton gas can be considered as non-interacting at relatively high temperatures, when the renormalized conductance g(T) is still large. In this regime the thermodynamic potential depends sinusoidally on the gate voltage, 8, 11 
where Ẽ C (T) is the renormalized temperature-dependent charging energy. Integration over the massive fluctuations around the instanton in the Gaussian approximation leads to the logarithmic temperature dependence 8 of the renormalized charging energy at relatively high temperature. This results in the estimate E C g 0 3 exp(Ϫg 0 /2) for the amplitude of the Coulomb blockade oscillations in the ground-state energy.
In this paper we evaluate non-Gaussian corrections for the fluctuations about the instanton configurations in the lowest order of perturbation theory in 1/g 0 . We show that these corrections diverge at T→0 and significantly modify the magnitude and the temperature dependence of the preexpo-nential factor of the Coulomb blockade oscillations even at relatively high temperatures, where the renormalized conductance g(T) is large and noninteracting instanton gas approximation is still valid. To determine the preexponential factor in the renormalized charging energy beyond the region of applicability of perturbation theory we apply the two-loop renormalization-group approach.
The main result of this paper is the following expression for the renormalized charging energy in Eq. ͑2͒,
Here g(T) is the renormalized temperature-dependent conductance, and T 0 ϭE C /2 2 . With sufficient accuracy g(T 0 ) can be found using perturbation theory, g(T 0 )ϭg 0 Ϫ2 ln g 0 . At lower temperatures, but still such that g(T)ӷ1, the renormalized conductance g(T) can be found from the implicit relation
which solves the two-loop renormalization-group equation.
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Equations ͑2͒ and ͑3͒ rely on the noninteracting instanton gas approximation and are valid at TϾE C g 0 4 e Ϫg 0 /2 . Assuming that at lower temperatures the amplitude of Coulomb blockade oscillations is only weakly temperature dependent we obtain the estimate for the magnitude of oscillations in the ground-state energy, E C g 0 4 e
Ϫg 0 /2 . This is greater by a factor of g 0 than the result of Ref. 8 .
The paper is organized as follows: In Sec. II we describe the dissipative action approach to the problem. In Sec. III we discuss the instanton gas approximation. In Sec. III A we treat the fluctuations around the instantons in the Gaussian approximation, and in Sec. III B we obtain the leading 1/g 0 correction to the Gaussian result. In Sec. IV we use the twoloop renormalization-group approach to extend the perturbative results of Sec. III B to the low-temperature regime ln(E C /T)ϳg 0 . Our results are summarized in Sec. V.
II. PARTITION FUNCTION
Following Ref. 9 the partition function of the system can be written as an imaginary time functional integral over the auxiliary field () which decouples the Coulomb interaction, Eq. ͑1͒. Different configurations of the field () fall into different topological classes labeled by the winding number W, characterizing the boundary conditions in imaginary time: W (ϩ␤)ϭ W ()ϩ2W, where ␤ϭ1/T. The partition function is then written as a sum over the winding numbers,
where Z W is a functional over the fields W in the topological class W given by
The action S͓͔ has the following form,
The second term on the right-hand side of Eq. ͑6͒ is the charging energy term. The first term describing the tunnel junction was obtained in Ref. 9 and can be conveniently written using the complex variable uϭexp(2iT) as follows,
The integral in this equation is taken over the unit circle, ͉u͉,͉u 1 ͉ϭ1.
The minimum of the dissipative action ͑7͒ in the topological sector W is equal to g 0 ͉W͉/2. In the trivial topological sector, Wϭ0, it is achieved when ()ϭ0. In the sectors WϭϮ1 it is achieved on the instanton configurations 6 which can be written in complex notation as
where z ͑with ͉z͉Ͻ1 for Wϭ1 and ͉z͉Ͼ1 for WϭϪ1) is a complex number characterizing the position and the width of the instanton. In the topological sector with ͉W͉Ͼ1 the dissipative action ͑7͒ is minimized on the multi-instanton configuration of the field given by the product of ͉W͉ singleinstanton terms, as on the right-hand side of Eq. ͑8͒. The topological sector with Wϭ0 in Eq. ͑4͒ does not contribute to the oscillatory part of the thermodynamic potential, ⍀(q)ϭϪT ln Z(q). At relatively high temperatures, when the renormalized conductance is large, gӷ1, the main nonzero contribution to the oscillatory part of ⍀(q) comes from the terms with winding numbers WϭϮ1 in Eq. ͑4͒. All other terms in Eq. ͑4͒ are exponentially small in g, and the renormalized charging energy in Eq. ͑2͒ can be expressed as
We therefore concentrate below on the topological sector Wϭ1.
III. SINGLE-INSTANTON APPROXIMATION
Since the value of the dissipative action on the instanton configuration z in Eq. ͑8͒ is independent of the instanton parameter z it is convenient to write the fields in the topological sector Wϭ1 in the form where z are massive fluctuations which are orthogonal to the two zero modes of the dissipative action, ‫ץ‬ z /‫ץ‬z and ‫ץ‬ z /‫ץ‬z*. The renormalized charging energy ͑9͒ can be written as
where Z 1 (z) is given by the following ratio of functional integrals over the massive modes only,
where J(z, z ) is the Jacobian of the variable transformation, Eq. ͑10͒.
Below we compute the renormalized charging energy Ẽ C , Eq. ͑11͒. In Sec. III A we evaluate the functional integral over the massive modes ͑12͒ in the Gaussian approximation. In Sec. III B we obtain corrections to the Gaussian approximation in leading order of perturbation theory in 1/g 0 . Then, in Sec. IV we employ the renormalization-group approach to obtain Ẽ C beyond the regime of validity of perturbation theory.
A. Gaussian approximation
To leading order in 1/g 0 we may evaluate the ratio of the functional integrals in Eq. ͑12͒ in the Gaussian approximation. To this end we expand the actions in the numerator and in the denominator in Eq. ͑12͒ to second order in and 0 , respectively.
In the Matsubara basis,
the action in the denominator acquires the following diagonal form,
where we introduced the notation aϭ2 2 T/g 0 E C . To evaluate the functional integral in the numerator in Eq. ͑12͒ it is convenient to expand the massive fluctuations z using the basis of Ref. 6 which in complex notations 12 can be written as
͑15͒
Here f (u) is defined in Eq. ͑8͒. In this basis to second order in z the dissipative part of the action, Eq. ͑7͒, has the following diagonal form,
The superscript i here refers to the presence of the instanton, whereas the superscript 0 in Eq. ͑14͒ denotes the trivial topological sector, Wϭ0. Instead of calculating the Jacobian J(z, z ) in Eq. ͑12͒ directly, we can express the integration measure through the metric tensor Â (z, z ) using the identity 13 J͑z
The metric tensor Â (z, z ) is presented in Appendix A. Fortunately we do not need to evaluate its determinant for an arbitrary configuration of the field z . Indeed, the fluctuations of the massive modes, n , are small as 1/g 0 , see Eq. ͑16͒. Therefore, for large g 0 we can expand the determinant of the metric tensor in the powers of n . In leading order in 1/g 0 , i.e., in the Gaussian approximation, it is sufficient to evaluate det Â (z, z ) on the instanton configuration, n ϭ0.
We show in Appendix A that
The quadratic form of the charging part of the action given by the second term in Eq. ͑6͒ is not diagonal in the basis ͑15͒. However, for the purpose of evaluating the functional integral in the numerator of Eq. ͑12͒ one can neglect its off-diagonal elements. We show in Appendix B that their contribution is small as 1/g 0 . The diagonal part of the charging action is given by Eq. ͑B6͒. Then, the ratio of the functional integrals in Eq. ͑12͒ reduces to the product
where a was defined below Eq. ͑14͒. Since the characteristic instanton frequencies are T/(1Ϫ͉z͉ 2 )рE C Ӷg 0 E C the second term in the exponent of this expression can be neglected. Using the expression, Eq. ͑B2͒, for the charging action on the instanton configuration we obtain in the Gaussian approximation
Substituting this expression into Eq. ͑11͒ we obtain with logarithmic accuracy
where we introduced the notation One can neglect the interaction between instantons and obtain Eq. ͑21͒ only when Z 1 (z)Ӷ1. In Sec. III B we show that even in this regime the non-Gaussian corrections to the functional integral in Eq. ͑12͒ lead to large corrections to the preexponential factor in Eq. ͑21͒.
B. Corrections to the Gaussian approximation
The Gaussian approximation discussed in Sec. III A is asymptotically exact at g 0 →ϱ. The corrections to it are small in 1/g 0 and may be evaluated perturbatively. To obtain the leading 1/g 0 correction it is sufficient to expand the Jacobian in Eq. ͑12͒ to second order in z and to expand the actions in the numerator and in the denominator in Eq. ͑12͒ to fourth order in z and 0 , respectively:
The terms S 2 0 and S 2 i were defined in Eqs. ͑14͒ and ͑16͒, respectively, and S 3 i , S 4 i , and S 4 0 are given by the following equations;
Here the function f (u i ) was defined in Eq. ͑8͒, and we introduced the short hand notations i ϭ (u i ). Substituting Eqs. ͑23͒ into Eq. ͑12͒ and using Eqs. ͑17͒ and ͑18͒ we obtain, up to terms of order 1/g 0 ,
where ͗ . . . ͘ i and ͗ . . . ͘ 0 denote averaging with respect to the Gaussian actions in the presence and in the absence of the instanton, respectively. The first term on the right-hand side of Eq. ͑25͒ needs to be evaluated to second order in z . This is carried out in Appendix A. The result is given by Eq. ͑A4͒. The calculation of the other terms is facilitated by the use of Wick's theorem and reduces to evaluating the diagrams in Fig. 1 . The calculations are straightforward and are presented in Appendix C. Only fluctuations of with relatively low frequencies, рT/(1Ϫ͉z͉ 2 ), contribute to the corresponding functional integrals. We can therefore neglect the charging energy term in the Gaussian action for the massive modes. The calculations are further simplified by observing that the two-point correlation functions in the diagrams in Fig. 1 become diagonal in the bases ͑13͒ and ͑15͒. We then obtain, with logarithmic accuracy,
where T 0 was defined in Eq. ͑22͒. Substituting Eqs. ͑26͒ and ͑20͒ into ͑11͒ and using Eq. ͑A4͒ we obtain for the renormalized charging energy
͑27͒
Equations ͑26͒ and ͑27͒ represent the main results of this section. The first term on the right-hand side of Eq. ͑27͒ coincides with the result of Ref. 8 , and the others represent a perturbative correction arising from taking into account nonGaussian fluctuations. Equation ͑27͒ is valid at relatively high temperatures, lnT 0 /TӶg 0 , when the non-Gaussian correction is small. We consider the region of lower temperatures, lnT 0 /Tϳg 0 , in Sec. IV using the renormalization-group approach.
IV. RENORMALIZATION GROUP
At low temperatures, when lng 0 T 0 /T becomes of the order of g 0 , the non-Gaussian correction in Eq. ͑26͒ becomes significant, and the perturbative expressions ͑26͒ and ͑27͒ are no longer valid. There is a wide temperature range in which the perturbative approach used in Sec. III fails but the renormalized conductance is still large, g(T)Ϸg 0 Ϫ2 lng 0 T 0 /T ӷ1, and therefore the single-instanton approximation, Eq. ͑11͒, is still valid. Below we apply the renormalization-group approach to study the amplitude of the Coulomb blockade oscillations in this regime.
From Eq. ͑20͒ we observe that Z 1 (z) depends exponentially on the renormalized conductance, Z 1 (z) ϰexp͓Ϫg(T)/2͔. Therefore to obtain the preexponential factor in the renormalized charging energy in Eq. ͑11͒ it is nec- essary to compute the renormalized conductance using the two-loop renormalization-group approach.
We obtain and solve the two-loop RG equations for the conductance in Sec. IV A. Then, in Sec. IV B we obtain the renormalized charging energy Ẽ C , Eq. ͑11͒, by evaluating the functional integral Z 1 (z) in Eq. ͑12͒ with the aid of the renormalization-group method.
A. Renormalized conductance
To obtain the two-loop RG equations we expand the dissipative action in Eq. ͑7͒ to sixth order in 0 . Next we introduce a running frequency scale and write 0 ϭ 0
f . Here 0 f represents fast degrees of freedom with Matsubara frequencies n ϭTn satisfying the inequality Ͻ n Ͻg 0 T 0 , and 0 s represents slow degrees of freedom with n Ͻ. The calculation of the renormalized conductance at frequency amounts to evaluating the diagrams in Fig. 2 , where internal lines correspond to the propagators of the fast degrees of freedom.
The role of the charging term in the Gaussian action, Eq. ͑14͒, amounts merely to the ultraviolet cutoff of the frequency integrals over the internal lines at frequencies g 0 T 0 , where T 0 was defined in Eq. ͑22͒. As a result we obtain
From Eq. ͑28͒ we obtain the following two-loop renormalization-group equation for the conductance, in agreement with Ref. 5 ,
where ⌳ϭg 0 T 0 is an ultraviolet cutoff. The first term on the right-hand side of Eq. ͑29͒ reproduces the one-loop renormalization-group equation of Refs. 4 and 14. By integrating the two-loop renormalization-group equation, Eq. ͑29͒, from ϭg 0 T 0 to ϭT we obtain Eq. ͑3b͒, which implicitly determines the temperature dependence of the renormalized conductance g(T).
B. Renormalized charging energy
Next, we apply the renormalization-group approach to evaluate Z 1 (z) in Eq. ͑12͒. We start by considering the case of the so-called line instantons, zϭ0. According to the RG procedure the functional integration is performed by separating into fast and slow degrees of freedom, ϭ f ϩ s , where f includes fluctuations with Matsubara frequencies n in a narrow interval, ϭ⌳e Ϫ Ͻ n Ͻ⌳. Upon integration over the fast degrees of freedom the remaining functional integral acquires a factor resulting from integrating out the fast fluctuations of . This factor depends on the running coupling constant g(). The remaining action for the slow fluctuations is characterized by a renormalized conductance. Due to this multiplicative nature of the functional integration we can express the logarithmic derivative of Z 1 (0) through a function of the renormalized conductance g() only, ͓d ln Z 1 (0)͔/dϭf ͓g()͔. From the perturbative results ͑26͒ and ͑20͒ we obtain, for the logarithmic derivative,
Using the two-loop renormalization-group approach for the conductance, Eq. ͑29͒, we obtain
The solution of this equation, which satisfies the hightemperature asymptotics ͑26͒ and ͑20͒, is given by
One can directly check this expression against the perturbative result Eq. ͑26͒. To obtain Z 1 (0) to order 1/g 0 we need to evaluate g(T) in the exponent of this equation to the twoloop order, and g(T) in the preexponential factor to the oneloop order only. To evaluate Z 1 (z) at finite z it is convenient to express it in the form
where the charging energy on the instanton configuration is written out explicitly, c.f. Eq. ͑20͒. The perturbative result ͑26͒ implies X(z)ϭ1
, where the logarithmic term arises from the integration over the fluctuations of with frequencies ranging between T and the instanton frequency z ϭT/(1 Ϫ͉z͉ 2 ), see the discussions above Eq. ͑26͒ and in Appendix C. Therefore in the renormalization-group treatment the conductance g 0 in the logarithmic correction should be understood as the renormalized conductance g( z )Ϸg(T) ϩ2 ln( z /T) at the instanton frequency z . Using the considerations presented above Eq. ͑32͒ and the perturbative result, Eq. ͑26͒, we express the logarithmic derivative of X(z) through the renormalized conductance g( z ) as
Using the one-loop renormalization-group equation ͓dg( z )/d ln z ͔ϭ2 and the boundary condition X(0)ϭ1 we find
FIG. 2. Diagrams of order 1/g 0 for the renormalized conductance g().
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X͑z ͒ϭͱ g͑ z ͒ g͑T ͒ . ͑35͒
Substituting Eq. ͑33͒ into Eq. ͑11͒ we write the renormalized charging energy as
Next, we express the integration measure through the differential of the renormalized conductance, dg( z ), according to the one-loop RG equation, ͓d 2 z/1Ϫ͉z͉ 2 ͔ϭϪd ln(1Ϫ͉z͉ 2 ) ϭ(/2)dg( z ). The resulting integral over the dg( z ) ranges from g( z )ϭg(T) to g( z )ϭg(T 0 )ϭg 0 Ϫ2 ln g 0 . Using Eqs. ͑32͒ and ͑35͒ we obtain, for the renormalized charging energy,
, ͑36͒
where T 0 was defined in Eq. ͑22͒.
Next we express the temperature T through the renormalized conductance g(T) using the solution of the two-loop RG equation,Eq. ͑3b͒. Substituting this result into Eq. ͑36͒ we obtain Eq. ͑3a͒.
Equations ͑3͒ represent the main result of this paper. They determine the temperature dependence of the amplitude of Coulomb blockade oscillations in a wide temperature regime where the renormalized conductance g(T) is large and the noninteracting instanton gas approximation 8 is valid. At relatively high temperatures, when ln(g 0 T 0 /T)Ӷg 0 , Eq. ͑3͒ reproduces the perturbative result, Eq. ͑27͒. At lower temperatures, when ln(g 0 T 0 /T)ϳg 0 , the renormalized charging energy in Eq. ͑3a͒ significantly exceeds the prediction of the Gaussian approximation, 8 Eq. ͑20͒. The noninteracting instanton gas approximation is valid while Z 1 /Z 0 Ͻ1. Let us extrapolate the results ͑3͒ to the low-temperature limit, when Z 1 /Z 0 ϳ1. This happens at T ϳE C g 0 4 e Ϫg 0 /2 when g(T)Ϸ4 ln g 0 . Substituting this conductance into Eq. ͑3a͒ we obtain the following estimate for the amplitude of Coulomb blockade oscillations in the groundstate energy, Ẽ C ϳE C g 0 4 e Ϫg 0 /2 . This exceeds the estimate arising from the Gaussian treatment of the fluctuations 8 by a large factor, g 0 .
V. DISCUSSION

A. Summary of the results
We studied the amplitude, Ẽ C (T), of the Coulomb blockade oscillations in the thermodynamic potential for a metallic grain connected to a lead by a tunneling contact with a large tunneling conductance g 0 . The effects of a finite mean level spacing in the grain 15 were neglected. We worked with the noninteracting instanton gas approximation. By applying perturbation theory we obtained the leading 1/g 0 correction to the Gaussian result 8 for the renormalized charging energy, Eq. ͑27͒. The perturbation theory result, Eq. ͑27͒, is valid at relatively high temperatures, 1Ӷln(T 0 /T)Ӷg 0 . At relatively low temperatures, when ln(T 0 /T)ϳg 0 , perturbative treatment becomes invalid.
To study the temperature dependence of the charging energy in the low-temperature regime we combined the instanton analysis with the two-loop renormalization-group approach. We found the temperature dependence of the renormalized charging energy Ẽ C (T) and of the renormalized conductance g(T), Eqs. ͑3͒. Equations ͑3͒ were obtained using the single-instanton approximation and are valid in a wide temperature range E C g 0 4 e
Ϫg 0 /2 ϽTϽT 0 . Equations ͑3͒ and ͑27͒ constitute the main results of our paper.
The use of the two-loop RG approach enabled us to determine the preexponential factor in the temperature dependence of the renormalized charging energy, Ẽ C (T), even at relatively low temperatures, when ln(g 0 T 0 /T)ϳg 0 . In this regime the renormalized charging energy in Eq. ͑3a͒ is significantly greater than the result of the Gaussian approximation, Eq. ͑21͒.
Assuming that the amplitude of the Coulomb blockade oscillations weakly depends on temperature for T ϽE C g 0 4 e Ϫg 0 /2 from Eqs. ͑3͒ we obtain the following estimate for the amplitude of the oscillations in the ground-state energy, Ẽ C ϳE C g 0 4 e Ϫg 0 /2 . This estimate exceeds that of Ref. Ϫg 0 /2 ͑here ⌳ is the ultraviolet cutoff which should be taken as ⌳ϳT 0 g 0 ) that was obtained using the two-loop renormalization-group approach without accounting for the instanton effects.
B. Applicability of the results and comparison with numerical studies
Within the framework of the model considered here the thermodynamics of the grain is described by Eqs. ͑4͒-͑7͒. The partition function, Eq. ͑4͒, depends on two dimensionless parameters, g 0 and T/E C . Our results for the renormalized charging energy differ from those of Refs. 5, 7, 8, and 10. In this respect it is important to compare the analytical predictions with the results of numerical studies. 16 -18 In such a comparison it is important to keep in mind the approximations that were made. These approximations determine the region of applicability of the instanton approach in the space of parameters g 0 and T/E C . Below we review the approximations that we made to obtain our results:
͑i͒ The instanton configuration was found by neglecting the charging part of the action in comparison with the dissipative part. This is justified if aϭ2
͑ii͒ To obtain the Gaussian result, Eq. ͑21͒, we assumed that the charging action on the instanton configuration, the second term in the exponent in Eq. ͑20͒, is negligible for long instantons, z→0. This is valid for TӶT 0 . In addition, Eq. ͑21͒ holds with logarithmic accuracy. This implies not only that T 0 /Tӷ1 but that ln(T 0 /T)ӷ1. The low-temperature regime is difficult to study numerically. At the lowest available temperature in Ref. 16 
.
͑37͒
This condition imposes a lower bound, (g 0 ) min , on the dimensionless conductance. Since the logarithm in Eq. ͑37͒ should be large, ln(T 0 /T)ӷ1, the lower bound is rather large, (g 0 ) min Ϸ25, for the lowest temperature in Ref. 16 . Unfortunately the available numerical data do not cover the low-temperature and large conductance regimes where the results of different theoretical approaches become parametrically different. In the presently available temperature range it would be interesting to study the gate voltage dependence of the Coulomb blockade oscillations. Deviations from the sinusoidal shape would signal the breakdown of the single-instanton approximation. Such deviations were recently observed in the transport experiments 19 in single electron transistors at moderately large values of the dimensionless conductance. To obtain the metric tensor Â (z, z ) in Eq. ͑17͒ we express the variation of the field through the variables z and ͕ n ͖ with the aid of Eqs. ͑10͒ and ͑15͒, ␦ϭ
␦ n u n f *͑u͒.
͑A1͒
Below we omit the arguments z and z of the metric tensor Â . Its matrix elements are obtained from the following relation,
͑A2͒
Substituting Eq. ͑A1͒ into Eq. ͑A2͒ it is straightforward to find all the elements of the metric tensor Â (z, z ). Most of the matrix elements of Â (z, z ) vanish. The schematic form of this matrix is shown in Fig. 3 . The determinant of Â (z, z ) in Eq. ͑17͒ needs to be evaluated up to terms of order 1/g 0 . Therefore it is sufficient to find the matrix element A zz up to linear order in . Integrating over the variable u in Eq. ͑A2͒ we obtain the following expressions for the elements of matrix Â (z, z ), Here the function should be understood as (0)ϭ0. We note that even for very long instantons, z→0, some offdiagonal elements of matrix Â (z, z ) remain finite, see Eq.
͑A3͒.
To evaluate the renormalized charging energy Ẽ C in the Gaussian approximation, see Sec. III A, the Jacobian in Eq. ͑17͒ may be evaluated on the instanton trajectory, z ϭ0. In this case the determinant of Â (z, z ) is readily evaluated, and we obtain Eq. ͑18͒.
In order to obtain the leading 1/g 0 correction to the Gaussian result for Ẽ C , we need to calculate the square root of the determinant of Â (z, z ) in Eq. ͑25͒ to second order in z . To this end we expand detÂ (z, ) to second order in its off-diagonal elements and perform the averaging with respect to the Gaussian fluctuations around the instanton, ͗ . . . ͘ i , in Eq. ͑25͒. We show in Appendix B that the offdiagonal elements of the charging part of the action may be neglected, and therefore ͗ n m * ͘ i ϭ␦ nm ͕g 0 ͉n͉ϩ(2
2 )͔͖ Ϫ1 . Using this result and Eq. ͑A3͒ we obtain
T ͪ . ͑A4͒
APPENDIX B: CHARGING PART OF THE ACTION
To obtain the charging energy, Eq. ͑27͒, we evaluated the functional integral over the massive fluctuations about the instanton in the basis of Eq. ͑15͒. We neglected the offdiagonal elements in the charging part of the action. In this Appendix we show that this approximation is justified. Taking the off-diagonal matrix elements into account leads to a correction to Ẽ C which is smaller than the non-Gaussian correction given by the last two terms in Eq. ͑27͒ by a factor of ln(E C /T). Therefore it can be neglected at low temperatures.
To demonstrate this we rewrite the charging part of the action using the complex variable uϭexp(2iT) and Eq. ͑10͒,
͑B1͒
Here the instanton configuration z was defined in Eq. ͑8͒. The first term on the right-hand side of Eq. ͑B1͒ describes the charging part of the action on the instanton configuration and the last two terms describe small fluctuations around the instanton. Setting z ϭ0 and integrating over the variable u in Eq. ͑B1͒ we obtain for the charging action on the instanton configuration
To calculate the second and the third terms on the right-hand side of Eq. ͑B1͒ we expand the massive fluctuations z using Eq. ͑15͒. Integrating over the variable u in Eq. ͑B1͒ we obtain the following results:
͓ n f nm ͑ z ͒ Ϫm ϩ m f mn ͑ z ͒ Ϫn ͔.
͑B4͒
Here the function f nm (z) is given by the following expression: Here again (0)ϭ0. From Eqs. ͑B4͒ and ͑B5͒ it follows that the diagonal part of the quadratic form of the charging action is given by the following expression,
The result of Eq. ͑B6͒ was used in Eq. ͑19͒. We now consider the contribution to the renormalized charging energy Ẽ C (T) in Eq. ͑27͒ from the term S 2 in Eq. ͑B3͒. We expand the numerator on the right-hand side of Eq. ͑12͒ to second order in S 2 . As a result we obtain the following correction to the right-hand side of Eq. ͑20͒,
͑B7͒
Here the angular brackets, ͗ . . . ͘ i , denote averaging with respect to the Gaussian action, Eq. ͑16͒. From Eq. ͑B3͒ we obtain
